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TRINITY COLLEGE 3 SEMESTER 1 2018
METHODS UNIT 3,4 CALCULATOR FREE

Section One: Calculator-free 35% (52 Marks)

This section has eight (8) questions. Answer all questions. Write your answers in the spaces
provided.

Working time: 50 minutes.

Question 1 (5 marks)

A particle travels in a straight line so that its distance x cm from a fixed point O on the line after t
seconds is given by

t2
26+ 1°

t=0.

Calculate the acceleration of the particle when t = 1.

L'(6) = 26 (2e41) - 2€° Oone  ynl/.
(2ex1)? Somt it podaid ule
o raiy s )
1) = 2tE+ Lt Tl sl ok

(2E+1)*

;Lu (E ) = L ot %&;{;{f

Q6+t)3

Sjy%ﬁ fiﬁ{ y‘“&j

xH(‘)

1)

YA
(201) +1)?

M

T —— o el i eetiiellbvetiscdivect

2F v correct form of quotient rule

v’ simplifies expression for v

v correct use of chain rule in second derivative
v correct expression for acceleration

v" substitutes and simplifies

See next page



METHODS UNIT 3 4 CALCULATOR-FREE

Question 2 (5 marks)
A function defined by f(x) = 13 + 18x — 6x? — 2x3 has stationary points at (1,23) and (-3, —41).

(a) Use the second derivative to show that one of the stationary points is a local maximum

and the other a local minimum. (3 marks)
Solution
f'(x) =18 — 12x — 6x? .
f1e0) = —12x — 12 Hone ail

(1) =-12(1) — 12 = =24 < 0 = (1, 23) is amaximum

f"(=3) =—-12(-3) —12 = 24 > 0 = (—3,—41) is a minimum

Specific behaviours
v differentiates twice

v shows (1) < 0 and interprets
v  shows f''(—3) > 0 and interprets

(b) Determine the coordinates of the point of inflection of the graph of y = f(x). (2 marks)

Solution
ffx)=0=2x=-1

f(-1)=13-18—-6+2=-9

At (~1,-9)

Specific behaviours
v’ correct x-coordinate
v correct y-coordinate

. /7 :
/4’ «
Cﬁ/j@f}- 4 E80 gl 55@/”2;7, /ﬁa{w Err s
A / %
smatl 4 §/ 5/‘%55&;6 5@;}@ £ A

See next page SN108-115-3



CALCULATOR-FREE 5 METHODS UNIT 3

Question 3 (6 marks)

A box contains five balls numbered 1, 3,5,7 and 9. Three balls are randomly drawn from the box
at the same time and the random variable X is the largest of the three numbers drawn.

€)) By listing all possible outcomes (135, 137, etc.), determine P(X < 7). (2 marks)

Solution e,
{135,137,139,157,159,179,357,359, 379,579} Mixedt fﬂ?é‘m%

DOt SarJ ;é“ﬁuf &, é’ N ‘Qféﬁ\

iﬁé:‘f&;’géj Mjﬁ,&
asﬁ;@f’éj wao  slyssm

4
PX<T7) = 10
s Lot

Specific behaviours
v lists outcomes ﬁ{— wes
v’ correct probability

(b) Construct a table to show the probability distribution of X. (2 marks)
Solution
X > 7 K4 féjﬁ"v ““%i
1 3 6 ToeE
el BT i 0| #
Specific behaviours Aast A f%
v values of x A ¢ ,,
et (2)

v values of P(X = x)

() Calculate E(X). (2 marks)
Solution
E(X)_5+21+54_8
10 é%’w s:m%{f/ ,

Specific behaviours
v indicates products x - P(X = x)
v’ correct value

SN108-115-3 See next page



TRINITY COLLEGE 6 SEMESTER 1 2018

METHODS UNIT 3,4 CALCULATOR FREE
Question 4 (6 marks)
(@)  Determine J.S(2x —1)’dx. (2 marks)
s Flx) = 2x-]
= 2 | Z 220 —| * ()= 2
2 [ £(s) (2--1) PO
= S x 1764)" +C Voo ool
* Lf ANest LOr e 5N
) 5 Zx y )" . /é} f%/é»é:\ v
= -_(*__—*8 + /%W’f VA
(b)  Determine 4 e —2e . (2 marks)
dx
= —5¢E

/%f% /o inctbe 5/&% W%fﬁ@é;§

ﬁ; (@ (=G
5?:;;/ WZ€ ) @{' ‘g f“f;««i
g aﬁz(é /; - f{
5691“% LNt f}é

/xﬁ%@?‘f o ég :"! ﬁ%’% /
0 -

1
(c)  Determine % giveny = f t/t dt. (2 marks)
X

ij! _dd;j‘l E{Fg{{f

K

~_4_.j"e[;4e
dx (

57&»{ ;/M
O Ao dopr A

e Spn

= =L

See next page



METHODS UNIT 3

(8 marks)

CALCULATOR-FREE 7
Question 5
The graph of y = (3 — 4x)? is shown below.
Y
¢
20T
T L + X
0.5 T~
A4

(@)

Determine the area of the region enclosed by the curve and the coordinates axes.

Solution

(4 marks)

3—4x=0=x=0.75

0.75
A= j (3 —-4x)%dx
0

B (3 — 42)* 0.75
'{ -4 %4 L
81
=)
81

= I Sq units

oK.
i Al asin 1
QoML A4 wsan WA,
Py £, / 2 s 3,
5 L& gi;,{?fﬁ/ éé?s&v.sﬁ’é7 ;,/ /§
J
ez con /A wl

ﬁi§?ﬁ£‘§ 5{%ﬁjgﬂ§§ 7%

o

Specific behaviours

v writes integral with limits

v antidifferentiates

v" expression with both limits substituted
v’ correct area

(b)

Given that the area of the region bounded by the curve, the x-axis and the line x = k is 4
square units, determine the value of k, where 0 < k < 0.75.

(4 marks)

Solution
0.75 3—4 4
A:f Goan)idrosg=| o)
K —16
(3 — 4k)*
4=(00) - ——
@) ( =8
(3-4k)* =64
3—4k =8
3—22
4k =3-22 =k = 4\/“

A yg{;m,{ &v-éfzf)/
P stadbot L0l 4
toer

}0.75
k

£
7 49 syl
. %
L s 7
j’; ‘f«f:g’,} 5%;:
é{ &

Specific behaviours

v’ equation with antiderivative

v’ equation with both limits substituted
v’ simplifies equation

v  value of k

SN108-115-3

See next page



METHODS UNIT 3 8 CALCULATOR-FREE

Question 6 (9 marks)

The function g is such that g'(x) = ax? + 18x + b, it has a point of inflection at (—1,29) and a
stationary point at (1, —19).

(a) Determine g(2). (5 marks)
Solution
g" (x) = 2ax + 18 /" 7
g'(-1)=-2a+18=0=a=9 bons gf’""‘“f;
"1D=0=9+18+b=0 S ) ‘
gm0 ont gt mncel
& Z %jj &
f w 7o I ’L&z
g (x) =9x? +18x — 27 z/éj jw T?
gx) =3x3+9x% - 27x + ¢ < g
g(1) =—-19=349—-27+¢=-19 7° ,féi;;@
c=-4

#
nst o ;
g(2)=24+36—-54—-4=2 7‘52&;}””;?

Specific behaviours

v value of a

v value of b

v antiderivative

v' constant of integration
v value

Some il oo pe

(b) Determine gfé?s; 5’%;? /
5 ¢ g -
0] f g'(x) dx. Solution (2 marks)
1
fg'(x) —Ay=2-(-19) =21
Specific behaviours
v' uses total change
v’ correct value
2
(i) f 4g'(x) +16dx. (2 marks)
1

Solution
2 2 A /
4f g'(x) dx +f 16 dx = 4(21) + 16 = 100 Oty
1 1 ;
f?’?&%{ St ) f»’i

Specific behaviours _
v uses linearity lent b ook
v correct value oo
(¢) G)

See next page SN108-115-3



TRINITY COLLEGE 9 SEMESTER 1 2018
METHODS UNIT 3,4 CALCULATOR FREE

Question 7 (5 marks)

The height, in metres, of a lift above the ground t seconds after it starts moving is given by

h=seos(3)
= o C0s 7

Use the increments formula to estimate the change in height of the lift from t = Z;—T tot= 1120%"
dh = —Ssia('i) X —15_-
At 4
= M — 17351
A~ dh x At b= L -
~ "R’e‘ (oo oo
= _It
(oo
= - g S\if'\. (I}_.) x __Cl__ J’%&,& i{ff;ﬁ/
? 4 too :
{/"
J&ﬁ@ /
V/%§® Zﬂ@/é{@/
= ;(g X (2 x Tt :?"‘Z;' <o / 7
S/ 7
L7 el
= 2Tt mtt \
oo ) @fx%,@ z;ig

Specific behaviours
v correctly uses chain rule
v' correct derivative
v" increment of time
v’ substitutes correctly into increments formula
v fully simplifies

See next page



METHODS UNIT 3

Question 8

CALCULATOR-FREE

(7 marks)

Two houses, P and Q, are 900 m apart on either side of a straight railway line AC. AC is the
perpendicular bisector of PQ and the midpoint of PQ is B. A small train, R, leaves station C and

travels towards B, 1200 m from C.

450 m
A B

450 m
Q

v

Let ZPRB = LQRB = 0, where 0 < 8 < 90°, and X = PR + QR + CR, the sum of the distances of

the train from the houses and station.

(@) By forming expressions for PR, BR and@@a’t

X =1200 +

450(2 — cos 6)

_ sinf
“”“' (3 marks)
Solution K
450 450 cos @ 450cos@ | .
R =——0r BR = PRcos 8 = ————— CR =1200 -~ BR =1200 — ——— | ¢ ‘
sinf sin @ sin @ St j;,;, 5’
450 450 cos 6 450(2 — cos ) StoApd
X=2X-—+1200 - ——=1200 + —mMm8M — '
sin 8 siné sin@ ) .
Fhers Al
Specific behaviours < /
/"L&u < 3
v expression for PR in terms of 8 "’é? WV
v" expressions for BR and CR in terms of 9 é"“”‘*}fy{ 5;%}?
v expression for X in terms of 8
(b) Use a calculus method to determine the minimum value of X. (5 marks)

Solution

do sin? @

dx 50 (sin 0 X sin® — (2 — cos 8)(cos 9))

sinZ @
1— 2cos 0)
sin? 8

sin® 6 + cos? 6 — 2 cos f
= 450

=450<

ax
do

450(2 — cos 9)

X = 1200
MIN + P

3
= 1200 + 450 (-2-)

)

1
——=0=>c059:§=>9:60°

2
X — = 1200 + 450v3 m

V3

s '?f@f £, ;é? A2

K Gy
f “ @%&é

%% }%xi‘fg 05;

Specific behaviours

v" uses quotient rule

v’ simplifies derivative
v'v roots of derivative

v minimum value of X,y

7
Fhr Lon i
Sas /)

777h
-5
7403t a3l
SOl g7

T

e
7 SO0 By

End of questions

7%;@72 A
Wé&{ﬁ% j’é

é/w’%‘g/f% ok
SN108-115-3 ~



Trinity College
Semester One Examination, 2018

‘ Question/Answer booklet

MATHEMATICS
METHODS

UNIT 3 SOLUTIONS

Section Two:
Calculator-assumed

Student number: In figures

In words

Your name

Time allowed for this section
Reading time before commencing work:  ten minutes
Working time: one hundred minutes

Materials required/recommended for this section
To be provided by the supervisor

This Question/Answer booklet

Formula sheet (retained from Section One)

To be provided by the candidate
Standard items:  pens (blue/black preferred), pencils (including coloured), sharpener,
correction fluid/tape, eraser, ruler, highlighters

Special items: drawing instruments, templates, notes on two unfolded sheets of A4 paper,
and up to three calculators approved for use in this examination

Important note to candidates
No other items may be taken into the examination room. It is your responsibility to ensure that

you do not have any unauthorised material. If you have any unauthorised material with you, hand
it to the supervisor before reading any further.



CALCULATOR-ASSUMED 3 METHODS UNIT 3

Section Two: Calculator-assumed 65% (98 Marks)

This section has thirteen (13) questions. Answer all questions. Write your answers in the spaces
provided.

Working time: 100 minutes.

Question 9 (6 marks)

65% of the fish in a large inland lake are known to be trout. Eight fish are caught at random from
the lake every day.

(a) Describe, with parameters, a suitable probability distribution to model the number of trout

in a day's catch. (2 marks)
Solution

Binomial, withn = 8 and p = 0.65

Specific behaviours
v binomial
v’ parameters

(b) Determine the probability that there are fewer trout than fish of other species in a day's
catch. (2 marks)
Solution
P(X <3) =0.1061

Specific behaviours
v writes P(X < 3) or P(X < 4)
v probability, to at least 3dp

(c) Calculate the probability that over two consecutive days, a total of exactly 15 trout are
caught. (2 marks)
Solution
X~B(16,0.65)

P(X = 15) = 0.0087

Specific behaviours
v’ defines new distribution

v’ probability

SN108-1154 See next page



METHODS UNIT 3 4

Question 10

The graph of f(x) =

CALCULATOR-ASSUMED

6x + 2 is shown below.
x+1
)
f X
0 0.5 1 1.5 2

(6 marks)

Two rectangles are also shown on the graph, with dotted lines, and they both have corners just

(@)

touching the curve. The smaller is called the inscribed rect Solution (a) ithe
circumscribed rectangle. See table
o . Specific behaviours
Complete the missing values in the table below. v missing values (1 mark)
X 0 0.5 1 1.5 2
10 22 14

(b)

(c)

Complete the table of areas below and use the values to determine a lower and upper

2
bound forj f(x)dx. (4 marks)
0
x interval 0to 0.5 05t01 1to 1.5 1.5t02
Area of inscribed 1 5 5 —]:l
rectangle 3 5
Area of circumscribed 2 11 7
rectangle 3 “‘5"" §
Solution
Lowerbound: L =1 +§—|—2 +% :31%3- ~ 6.867
Upper bound: U :§+ 2+1?1+—Z;=f‘3= 8.2

5

Specific behaviours

v inscribed areas

v’ circumscribed areas
v states lower bound

v states upper bound

Explain how the bounds you found in (b) would change if a smaller number of larger
intervals were used.

Solution

The lower bound would decrease and the upper bound increase.

Specific behaviours

v describes changes to both bounds

See next page

(1 mark)

SN108-115-4



CALCULATOR-ASSUMED 5 METHODS UNIT 3

Question 11 (8 marks)

The population of a city can be modelled by P = Pye*t, where P is the number of people living in
the city, in millions, t years after the start of the year 2000.

At the start of years 2007 and 2012 there were 2 245 000 and 2 521 000 people respectively
living in the city.

(a) Determine the value of the constant k. (2 marks)

Solution
2.521 = 2.245¢5k

k =0.02319

Specific behaviours
v equation
v value of k to at least 3sf

(b) Determine the value of the constant P,. (2 marks)

Solution
2.521 — pOeO,02319(12)

P, = 1.909

Specific behaviours
v’ equation
v value of P, (in millions)

(c) Use the model to determine during which year the population of the city will first exceed

3000 : 2 k
000 Solution (2 marks)

3 = 1.90980'02319t

t = 19.5 = during 2019

Specific behaviours
v value of t
v’ correct year

(d) Determine the rate of change of the city's population at the start of 2007. (2 marks)
Solution
dpr
i 0.02319 x 2 245 000

= 52 100 people per year

Specific behaviours
v substitutes into rate of change

v’ correct rate with units

SN108-115-4 See next page



METHODS UNIT 3 6 CALCULATOR-ASSUMED

Question 12 (8 marks)
Three functions are defined by f(x) = 14e7%25%, g(x) = 0.5e%45* and h(x) = 0.5.

J
o \ f
[¢]
Solution
\ / See graph
/ Specific behaviours
vy =h(x)
>< v f(x) close to (3,7) and (13,0.5)
* v f(x) smooth curve
N
/ T~
\\
e \NX
4 8 12 16

(a) One of the functions is shown on the graph above. Add the graphs of the other two
: functions. (3 marks)

(b) Working to three decimal places throughout, determine the area of the region enclosed by
all three functions. (5 marks)

Solution
f(x) = g(x) when x = 4.760

4.760
f g(x) — h(x) dx = 5.972
0
g(x) = h(x) when x = 13.329
13.329
f f(x) = h(x)dx = 10.752
4

.760

Area = 5.972 4+ 10.752 = 16.724 sq units

Specific behaviours
v  writes first integral
v evaluates first integral
v writes second integral
v evaluates second integral
v total area
(Rounding instruction supplied for guidance only)

See next page - SN108-115-4



CALCULATOR-ASSUMED

Question 13

7 METHODS UNIT 3

(8 marks)

A fairground shooting range charges customers $6 to take 9 shots at a target. A prize of $20 is
awarded if a customer hits the target three times and a prize of $40 is awarded if a customer hits
the target more than three times. Otherwise no prize money is paid.

Assume that successive shots made by a customer are independent and hit the target with the

probability 0.15.

(a) Calculate the probability that the next customer to buy 9 shots wins

0 a prize of $20.

(i) a prize of $40.

Solution
X~B(9,0.15)

P(X =3) =0.1069

Specific behaviours
v" defines distribution
v calculates probability

Solution
P(X > 4) = 0.0339

Specific behaviours
v calculates probability

(2 marks)

(1 mark)

(b) Calculate the expected profit made by the shooting range from the next 30 customers who

pay for 9 shots at the target.

Solution

Let Y be the profit per customer
P(Y =6) =0.8592
P(Y = —14) = 0.1069
P(Y = —34) = 0.0339

E(Y) = 2.504

Expected profit = 30 X 2.504 = $75.13

Specific behaviours

v indicates probability distribution
v’ calculates expected value for one customer
v calculates expected value

(3 marks)

(c) Determine the probability that more than 6 out of the next 8 customers will not win a prize.

SN108-1154

Solution
X~B(8,0.8592)

P(X =27)=0.6862

Specific behaviours
v' defines distribution
v’ calculates probability

See next page

(2 marks)



METHODS UNIT 3

Question 14

8 CALCULATOR-ASSUMED

(8 marks)

The discrete random variable X has a mean of 5.28 and the following probability distribution.

X 3 4 5 6 7
P(X =x) 0.15 a b 0.2 0.2
(a) Determine the values of the constants a and b. (3 marks)
Solution
a+b+055=1
4a + 5b + 3.05 = 5.28
a = 0.02, b =043
Specific behaviours
v" equation using sum of probabilities
v’ equation using mean
v values of a and b
(b) Determine P(X < 41X < 7). (2 marks)
Solution
PX<4lX<7) = 0L _ 0.1875 = &
08 T 16
Specific behaviours
v denominator
v’ numerator and expresses as decimal or fraction
(c) Determine
0 Var(X). Solution (1 mark)
Var(X) = 1.5416 (using CAS)
Specific behaviours
v correct variance
E(100 — 15X) = 100 — 15 x 5.28 = 20.8
Specific behaviours
v’ correct mean

Var(12 — 5X) = (—=5)% x 1.5416 = 38.54

Specific behaviours

v’ correct variance

See next page
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CALCULATOR-ASSUMED 9 METHODS UNIT 3

Question 15 (7 marks)

A fuel storage tank, initially containing 550 L, is being filled at a rate given by

dv _ t*(60 — 1)

— <t <
dt 250 @ 0st=60

where V is the volume of fuel in the tank in litres and t is the time in minutes since filling began.
The tank will be completely full after one hour.

(a) Calculate the volume of fuel in the tank after 10 minutes. (3 marks)

Solution
80
AV = f V'(t)dt
0
=70

V =550+70=620L

Specific behaviours
v indicates use of integral of rate of change
v calculates increase
v states volume

(b) Determine the time taken for the tank to fill to one-half of its maximum capacity.
(4 marks)

Solution
60
V = 550 +J' V'(t)dt
0
= 550 4+ 4320 = 4870

T 2T3 T4
V(r) = | V()dt =—— 550
() fO ® 25 1000+
2r®  T* L g5 o 4870
25 1000 )

T = 34.6 minutes

Specific behaviours
v calculates Vy4x
v indicates V(T)
v indicates equation
v solves for time

SN108-115-4 See next page



METHODS UNIT 3 10 CALCULATOR-ASSUMED

Question 16 (9 marks)

A particle starts from rest at 0 and travels in a straight line.

lts velocity v ms™, at time ¢ s, is given by v = 14t — 3t2 for0 < t < 4 and v = 128t~2 fort > 4.

€)) Determine the initial acceleration of the particle. (2 marks)
Solution
dv
a=—= 14 — 6t = a(0) = 14 ms™?

Specific behaviours
v differentiates velocity

v" acceleration

(b) Calculate the change in displacement of the particle during the first fouu’r seconds.

Solution (2 marks)

4
x:J 14t — 3t?dt = 48 m
0

Specific behaviours
v integrates velocity
v" change in displacement

(c) Determine, in terms of t, an expression for the displacement, x m, of the particle from 0

fort > 4. Solution (2 marks)
]'128 128
x=|—dt=—-———+¢
t? t

128
x(4)=48=——4—+c=>c=80

128
X = —’—t-‘+80

Specific behaviours
v integrates velocity
v evaluates ¢

(d) Determine the distance of the particle from 0 when its acceleration is —0.5 ms™.

Solution (3 marks)
256
a = —-?‘
256
22 05=t=8
t

x(8) = 64 = Distance from 0 = 64 m

Specific behaviours
v" acceleration fort > 4
v’ solves for time
v’ calculates distance

See next page SN108-115-4



CALCULATOR-ASSUMED 13 METHODS UNIT 3

Question 18 (7 marks)

A random sample of n components are selected at random from a factory production line. The
proportion of components that are defective is p and the probability that a component is defective
is independent of the condition of any other component.

The random variable X is the number of faulty components in the sample. The mean and
standard deviation of X are 30.6 and 5.1 respectively.

(@) Determine the values of n and p. (4 marks)

Solution
X~B(n,p)

np = 30.6
np(1l —p) = 5.1?

n=204, p=015

Specific behaviours
v indicates binomial distribution
v' equation using mean
v equation using standard deviation
v" solves correctly forn and p

(b) After changes are made to the manufacturing process, the proportion of defective
components is now 3%. Determine the smallest sample size required to ensure that the
probability that the sample contains at least one defective component is at least 0.95.

(3 marks)

Solution
X~B(n,0.03)
P(X =1) =095
1—-P(X =0)=>0.95

P(X =0) <0.05
0.97™ < 0.05

n>984=n>99

Specific behaviours
v' indicates required binomial probability
v uses P(X = 0) to create inequality
v" solves and rounds to obtain n

SN108-1154 See next page



CALCULATOR-ASSUMED 11 METHODS UNIT 3

Question 17 (11 marks)

The air pressure, P(h) in kPa, experienced by a weather balloon varies with its height above sea
level h km and is given by

P(h) =101.7e7%138" 0 < h < 20.

(a) Determine -d—P when the height of the balloon is 0.9 km. (2 marks)
dh
Solution
B 0138 x 101.7¢-01380:)
dh ' '
= —12.4 kPa/km

Specific behaviours
v’ uses derivative
v’ correct rate of change

(b) What is the meaning of your answer to (a). (1 mark)

Solution
The rate of change of pressure with respect to height when the height is 0.9 km.

Specific behaviours
v' meaning (must include wrt h and refer to height)

The height of the balloon above sea level varies with time t minutes and is given by

t2(150 — t)
= < L )
h(t) 52000 ,0<t<100
(c) Determine the air pressure experienced by the balloon when ¢ = 75. (2 marks)
Solution

h(75) = 16.875 km

P(16.875) = 9.907 kPa

Specific behaviours
v' determines height

v’ determines pressure

SN108-1154 See next page



METHODS UNIT 3 12 CALCULATOR-ASSUMED

(d) Determine % when the height of the balloon is 2.08 km. (3 marks)

Solution
h(t) =2.08=t =20

dh 300t — 3t?
dt 25000
_300(20) —3(20)% 24 .
- 25000 =135 ~ 0192 km/m

Specific behaviours
v determines time
v" indicates derivative
v’ determines rate of change

(e) Determine ng when the height of the balloon is 2.08 km. (3 marks)

Solution

dp
= —0.138 X 101.3¢0-138(2.08)

= -10.53

dP _dP dh

dr dr " de
= —10.53 X 0.192
= —2.02 kPa/m

Specific behaviours
v rate of change of P wrt h
v" indicates use of chain rule
v correct rate of change

oy

See next page SN108-115-4
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Question 19

CALCULATOR-ASSUMED

(7 marks)

The hourly cost of fuel to run a train is proportional to the square of its speed and is $64 per hour
when the train moves at a speed of 25 kmh™'. Other costs amount to $100 per hour, regardless of

speed.

(a)

(b)

Show that when the train moves at a steady speed of x kmh™", where x > 0, the total cost

per kilometre, C, is given by
_ 64x 100

=t

Solution

Fuel cost, f, is
PR
f = T 252 625

Total cost per hour, t, is
3 64x?

T 625

t + 100

Cost perkm, C, is
t  64x 100

625 %

Specific behaviours

v expression for hourly cost of fuel
v" expression for total cost per hour
v indicates derivation of cost per km

(3 marks)

Use calculus to determine the minimum cost for the train to travel 180 km, assuming that

the train travels at a constant speed for the entire journey.

Solution
dc _ 64x% — 62500
dx 625x2
dC—O=> =3825 (x>0
T x = 3%. X )

_64G125) 100

625 3225 04

Journey cost = 6.4 X 180 = $1 152

Specific behaviours

v’ obtains first derivative
v"indicates critical point
v indicates optimum cost per km
v’ correct minimum cost

(4 marks)

See next page
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Question 20 (7 marks)

7t

The graph of y = f(t) is shown below, where f(t) = Ssin(4 )

@) Determine the exact area between the horizontal axis and the curve for 0 <t < 4.
(2 marks)

Solution
[lose) -
Ssin{g) =2 12 Fh i

Specific behaviours
v writes integral
v’ evaluates

Another function, F, is defined as F(x) = f f(t) dt over the domain 0 < x < 16.
0

(b) Determine the value(s) of x for which F(x) has a maximum and state the value of F(x) at

this location. (2 marks)
Solution

40
x=4,x =12, F(4)=F(12)=—T—t—

Specific behaviours
v values of x
v value of F(x)

(c) Sketch the graph of y = F(x) on the axes below. (3 marks)
y

15

10 7 \ / \

4 4 N

Solution € 12 16
See graph
Specific behaviours
v maxima
v/ minima
v" smooth continuous curve
SN108-115-4 See next page




METHODS UNIT 3 16 CALCULATOR-ASSUMED
Question 21 (6 marks)
The discrete random variable X is defined by
4k o1
P(X=x)={ex T
0  elsewhere.
e
(a) Show that k = s (3 marks)
Solution
4k N 4k 1
e 1
4+ 4e
K(—=)=1
e
K = e
T 4+ 4e
Specific behaviours
v indicates P(X = 0) and P(X = 1)
v sums probabilities to 1
v factors out k and rearranges
(b) Determine, in simplest form, the exact mean and standard deviation of X. (3 marks)
Solution
NB Bernoulli distribution.
E(X) =4k = 1o

4% k2

4k
Var(X) = - X 4k =

SD =

42k2_4( e )_ Ve
e Jed+4e/ 1+e

Specific behaviours

v’ simplified E(X)
v’ correct expression for variance
v’ simplified expression for standard deviation

End of questions
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